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THE OPERATOR SYSTEM GENERATED BY CUNTZ ISOMETRIES
DA ZHENG
Abstract. In this paper we consider the operator system Sn generated by n Cuntz
isometries, i.e. the span of the generators of the Cuntz algebra On together with their
adjoints and the identity. We define an operator subsystem En ⊆ Mn+1 and then prove
that Sn is completely order isomorphic to a quotient of En. This result implies a charac-
terization of positive elements in Mp(Sn).
1. Introduction
Farenick and Paulsen [3] studied the operator system Sn generated by n universal uni-
taries in C∗(Fn), where Fn is the discrete free group on n generators, and they showed that
Sn is completely order isomorphic to a quotient of the operator system Tn of tridiagonal
matrices [3, Theorem 4.2]. By using this isomorphism, they gave a new equivalent condition
for a C∗-algebra to have WEP (weak expectation property), which they called property S
[3, Theorem 6.2]. In that paper,they also defined an operator system Wn ⊆ C
∗(Fn) and
proved that Wn is completely order isomorphic to a quotient of the matrix algebra Mn and
this leads to a new proof of Kirchberg’s theorem [3, Corollary 3.2].
The Cuntz algebra is generated by universal isometries with certain relations. So one
may hope that the universal property of these isometries can give us some analogous results
as mentioned in the last paragraph. This motivates us to study the operator system
generated by Cuntz isometries, which will be denoted by Sn throughout, and utilize the
universal property of the isometries to derive properties of Sn. Moreover, we may hope
that Sn can offer us new characterizations of some important classes of C
∗-algebras, even
new classes of C∗-algebras.
Thus, we start exploring Sn in this paper. In section 3, we focus on Sn itself and prove
that it has a universal property by observing that Sn is completely order isomorphic to
Sˆn–the operator system generated by the Teoplitz-Cuntz isometries. In section 4, we define
an operator subsystem En in the matrix algebra Mn+1 and construct a unital completely
positive map from En to Sn. In section 5, we prove that Sn is completely order isomorphic
to a quotient of En and give a characterization of positive elements in Mp(Sn).
Remark 1.1. By the uniqueness of the Cuntz algebra, we know that if Sn and Tn are two
operator systems generated by n Cuntz isometries, then Sn is unitally completely order
isomorphic to Tn. Conversely, if Sn is unitally completely order isomorphic to Tn, then
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C∗(Sn) ∼= C∗(Tn), which would lead to a new proof of the uniqueness of the Cuntz algebra.
This reveals that we may prove some properties of the Cuntz algebra via Sn. Conversely,
it is also interesting to explore how many nice properties Sn can inherit from On.
2. Preliminaries
2.1. Operator Systems and Completely Positive Maps. These concepts are quite
familiar to most people so we mention the very basic ones and the notations which we will
adopt throughout the paper for the sake of convenience. See [6] for further details of this
topic.
Definition 2.1 (Concrete Operator System). A concrete operator system S is a unital
∗-closed subspace of some unital C∗-algebra A, that is, S ⊆ A is a subspace of A such that
a ∈ S ⇒ a∗ ∈ S and 1A ∈ S. Here, 1A denotes the unit of A.
Henceforth, we shall denote the unit of an arbitrary operator system S by 1S .
Definition 2.2 (Abstract Operator System). An abstract operator system S is a
matrix-ordered ∗-vector space with an Archimedean matrix order unit.
We write Mn(S)
+, n ∈ N for the positive cones of S and (aij) ≥ 0 if (aij) ∈Mn(S)
+.
Definition 2.3. Let S and T be operator systems. A linear map φ : S → T is called
completely positive if
φ(n)((aij)) := (φ(aij)) ≥ 0, for each (aij) ∈Mn(S)
+ and for all n ∈ N .
Definition 2.4. Let S and T be operators systems. A map φ : S → T is called a
complete order isomorphism if φ is a unital linear isomorphism and both φ and φ−1
are completely positive, and we say that S is completely order isomorphic to T if such
φ exists.
Remark 2.5. Indeed, the above definition of a complete order isomorphism is for “unital
complete order isomorphisms”. Since we will only use unital complete order isomorphisms
in this paper, it is convenient to omit “unital” in the above definition.
Definition 2.6. A map φ is called a complete order injection if it is a complete order
isomorphism onto its range with φ(1S) being an Archimedean order unit. We shall denote
this by S ⊆c.o.i T .
The following theorem indicates that every abstract operator system is completely order
isomorphic to a concrete one. So from now on, we will not distinguish a abstract operator
system from a concrete one and will call them just operator systems.
Theorem 2.7 (Choi, Effros). Let S be an abstract operator system, then there exists a
Hilbert space H, a concrete operator system S1 ⊆ B(H), and a unital complete order
isomorphism ϕ : S → S1. Conversely, a concrete operator system is also an abstract
operator system.
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2.2. Operator System Quotients and Complete Quotient Maps. In this section,
we review the definition of the operator system quotients and complete quotient maps as
well as some basic facts which shall be used in our later discussion. Most of these can be
found in [4].
Definition 2.8. Given an operator system S, we call J ⊆ S a kernel, if J = kerφ for an
operator system T and some unital completely positive map φ : S → T .
Proposition 2.9. Let S be an operator system and J ⊆ S be kernel, if we define a family
of matrix cones on S/J by setting
Cn ={(xij + J) ∈Mn(S/J) : for each ǫ > 0, there exists (kij) ∈Mn(J)
such that ǫ⊗ In + (xij + kij) ∈Mn(S)
+}.
then (S/J, {Cn}
∞
n=1) is a matrix ordered ∗-vector space with an Archimedean matrix unit
1 + J , and the quotient map q : S → S/J is completely positive.
’ This shows that (S/J, {Cn}
∞
n=1), 1+ J) is an abstract operator system and is therefore
an concrete one by Theorem 2.7.
Definition 2.10. Let S be an operator system and J ⊆ S be kernel. We call the operator
system (S/J, {Cn}
∞
n=1), 1+J) defined in Proposition 2.9 the quotient operator system.
Definition 2.11. Let J be a kernel and define
Dn = {(xij + J) ∈Mn(S/J) : there exists yij ∈ J such that (xij + yij) ∈Mn(S)
+},
then J is completely order proximinal if Cn = Dn for all n ∈ N.
Definition 2.12. Let S, T be operator systems and φ : S → T be a completely positive
map, then φ is called a complete quotient map if S/Kerφ is completely order isomorphic
to T .
2.3. Cuntz Algebra and Toeplitz-Cuntz Algebra. In this section, we review some
fundamental facts about the Cuntz algebra as well as the Toeplitz-Cuntz algebra. See [2]
for more details.
The Cuntz algebra On (2 ≤ n < +∞) is the universal C
∗-algebra generated by n isome-
tries S1, . . . , Sn with
∑n
i=1 SiS
∗
i = I, where I is the identity operator. The algebra On en-
joys the following universal property: If T1, · · · , Tn are n isometries satisfying
∑n
i=1 TiT
∗
i =
I, then there is a surjective ∗-homomorphism π : C∗(S1, . . . , Sn) → C∗(T1, . . . , Tn) such
that π(Si) = Ti for 1 ≤ i ≤ n.
The Cuntz algebra O∞ is the universal C∗-algebra generated by the isometries {Si}∞i=1
with
∑n
i=1 SiS
∗
i < I, for every n ∈ N. It has similar universal properties.
The Toeplitz-Cuntz algebra T On (2 ≤ n < +∞) is the universal C
∗-algebra generated
by n isometries S1, · · · , Sn with
∑n
i=1 SiS
∗
i ≤ I, and it has the following universal prop-
erty: If T1, · · · , Tn are n isometries satisfying
∑n
i=1 TiT
∗
i ≤ I, then there is a surjective
∗-homomorphism π : C∗(S1, . . . , Sn)→ C∗(T1, . . . , Tn) such that π(Si) = Ti for 1 ≤ i ≤ n.
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Remark 2.13. We note that any n (1 ≤ n < +∞) isometries S1, · · · , Sn with
∑n
i=1 SiS
∗
i <
I can be the generators of T On. This is due to the famous Cuntz-Krieger uniqueness
theorem.
3. The Operator System Sn Generated by Cuntz Isometries
For 2 ≤ n < +∞, let S1, . . . , Sn be the isometries that generate On, I be the identity,
and we define the operator system Sn as:
Sn := span{I, Si, S
∗
i : 1 ≤ i ≤ n}.
Similarly, we denote S∞ as the operator system generated by the isometries that generate
O∞. Also, for n = 1, we let S1 be the three-dimensional operator system generated by the
a universal unitary (for example, z ∈ C(T)).
Also, let Sˆ1, · · · , Sˆn be n (1 ≤ n < +∞) isometries with
∑n
i=1 SˆiSˆ
∗
i < I and set
Sˆn = span{I, Sˆ1, . . . , Sˆn, Sˆ
∗
1 , . . . , Sˆ
∗
n},
so that Sˆn is the operator system generated by the Toeplitz-Cuntz isometries.
Remark 3.1. It is mentioned in Remark 1.1 that any n isometries satisfying the Cuntz
relation give rise to the same Sn. Similarly, the universal property of Toeplitz-Cuntz algebra
also implies that any n isometries satisfying the Toeplitz-Cuntz relation give rise to the
same Sˆn.
Lemma 3.2. Suppose T1, . . . , Tn are n (2 ≤ n ≤ +∞) isometries on a Hilbert space H
with
∑n
i=1 TiT
∗
i < IH, then they can be dilated to n isometries T˜1, . . . , T˜n on some Hilbert
space K with
∑n
i=1 T˜iT˜
∗
i = IK.
Proof. Let M = Ran(
∑n
i=1 TiT
∗
i ) and hence M
⊥ = Ran(IH−
∑n
i=1 TiT
∗
i ). Note that since
Ti’s are isometries, dimM
⊥ ≤ dimM . Let PM⊥ be the projection onto M⊥ and we define
operators Xi : H → H as the following:
Xi =
{
PM⊥ i = 1
0 2 ≤ i ≤ n
.
Correspondingly, we choose n operators Yi : H → H where Y1 is a partial isometry with
initial space M and Yi (2 ≤ i ≤ n) are isometries such that
∑n
i=1 YiY
∗
i = IH.
Next, let K = H⊕H, we define T˜i : K → K by
T˜i =
(
Ti Xi
0 Yi
)
,
and it is easy to check that
T˜ ∗i T˜i =
(
T ∗i Ti T
∗
i Xi
X∗i Ti X
∗
i Xi + Y
∗
i Yi
)
=
(
IH 0
0 IH
)
n∑
i=1
T˜iT˜
∗
i =
n∑
i=1
(
TiT
∗
i +XiX
∗
i XiY
∗
i
YiX
∗
i YiY
∗
i
)
=
(
IH 0
0 IH
)
.
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Hence, T˜1, . . . , T˜n are the desired dilations. 
Corollary 3.3. The operator system Sˆn is unitally completely isomorphic to Sn in the
canonical way, that is, there exists a unital complete order isomorphism φ : Sˆn → Sn such
that φ(Sˆi) = Si.
Proof. Since it is easy to see that Cuntz isometries can also be dilated to Toeplitz-Cuntz
isometries, the corollary follows by the fact that compressions are completely positive. 
Corollary 3.4. We have that if 1 ≤ n < m ≤ +∞, then Sn ⊆c.o.i Sm via the natural
embedding.
Proof. This is immediate from the last corollary. 
Corollary 3.5. For each 1 ≤ i ≤ n 1 ≤ n ≤ +∞, we define ρ : Sn → Sn, X 7→ S
∗
iXSi,
then ρ is a complete positive projection whose range is completely order isomorphic to S1.
Proof. Clearly ρ is completely positive. Due to the Cuntz relation, it is easily seen that
ρ ◦ ρ = ρ, and Ran ρ = span{I, Si, S
∗
i }. However, Si is a single Toeplitz-Cuntz isometry
and hence span{I, Si, S
∗
i } = S1 completely order isomorphically. 
Definition 3.6. The n-tuple of operators (A1, . . . , An) is called a row contraction if∑n
i=1AiA
∗
i ≤ I ,where I is the identity operator.
Bunce proved in [1] that any family of n operators {Ai}
n
i=1 with
∑n
i=1A
∗
iAi ≤ I can be
dilated to n coisometries with orthogonal initial spaces. Here, we rephrase that proposition
for isometric dilation of row contractions.
Proposition 3.7. Let (A1, . . . , An) be a row contraction on some Hilbert space H, then
there exists isometries W1, . . . ,Wn with W
∗
i Wj = 0 if i 6= j, such that PHWi|H = Ai.
The above proposition implies the following universal property of Sn:
Theorem 3.8. The operator system Sn has the following universal property:
Let (A1, · · · , An) be a row contraction on some Hilbert space H and denote
Tn = span{IH, Ai, A∗i : 1 ≤ i ≤ n}
so that Tn is an operator system, then there exists a unital completely positive map
φ : Sn → Tn such that φ(Si) = Ai.
Proof. By Proposition 3.7, we can dilate A1, · · · , An toW1, . . . ,Wn with orthogonal ranges,
i.e.
∑n
i=1WiW
∗
i ≤ I. Let Wn = span{I,Wi,W
∗
i : 1 ≤ i ≤ n}, then the universal property
of the Teoplitz Cuntz algebra implies that there exists a unital completely positive map
from Sˆn to Wn which sends Sˆi to Wi. As compressions are always completely positive, we
have a unital completely positive map from Sˆn to Tn mapping Sˆi to Ai. Now the conclusion
follows from Remark 3.3. 
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4. The operator system En and Its Quotinet
We define an operator system En ⊆Mn+1 :=Mn+1(C) as the following,
En = span{E00, E0i, Ei0,
n∑
i=1
Eii : 1 ≤ i ≤ n},
where Eij ’s are matrix units in Mn+1. So every element in En is of the form,

a00 a01 · · · a0,n
a10 b
...
. . .
an0 b

 .
By representing the Cuntz isometries S1, . . . , Sn on some Hilbert space H, we define an
operator R : H(n+1) →H by R := (
√
2
2 I,
√
2
2 S
∗
1 , . . . ,
√
2
2 S
∗
n). So we know that
R∗R =


1
2I
1
2S
∗
1 · · ·
1
2S
∗
n
1
2S1
...
(
1
2SiS
∗
j
)
1
2Sn

 ,
is positive in Mn+1(B(H)) .
Now, we can define a map ψ :Mn+1 → B(H) by
ψ(Eij) = (R
∗R)ij,
where (R∗R)ij denotes the i, j-th entry of R∗R, and extend it linearly to Mn+1. It is
straight forward that φ is unital.
Theorem 4.1 (Choi). Let A be a C∗-algebra, φ : Mn → A be linear, and {Eij} be the
standard matrix units for Mn, then the following are equivalent:
(1) φ is completely positive.
(2) φ is n-positive.
(3)
(
φ(Eij)
)n
i,j=0
is positive in Mn(A).
Since (
ψ(Eij)
)n
i,j=0
= R∗R ≥ 0,
Choi’s theorem tells us that ψ is unitally completely positive.
Next, we can easily calculate that Kerψ = span{E00−
∑n
i=1Eii}, which will be denoted
as J throughout the rest of the paper.
Proposition 4.2. [5] Let J be a finite dimensional ∗-subspace in a operator system S
which contains no positive elements other than 0, then it is a completely order proximinal
kernel.
Lemma 4.3. The kernel J it is completely order proximinal.
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Proof. According to Proposition 4.2, we just need to show that J contains no positive
elements other than 0. This is clear by considering the first and second diagonal entries of
any nonzero element in J . Hence, J is completely order proximinal. 
Now, let φ = ψ|En , then φ : En → Sn is unitally completely positive whose kernel is also
J . By Proposition 2.9 we can form the operator system quotient En/J , and the induced
map
φ˜ : En/J → Sn, x+ J 7→ φ(x)
is unitally completely positive and bijective.
5. En/J = Sn and a characterization of positive elements in Mp(Sn)
We now state the main result of this paper:
Theorem 5.1. We have that En/J is completely order isomorphic to Sn and hence φ is a
complete quotient map.
To prove the theorem, we need to show that φ˜−1 is also completely positive, which will
imply that φ˜ is a complete order isomorphism.
To this end, we first notice the following from the definition ψ˜:
φ˜−1(Si) = 2Ei0 + J,
φ˜−1(I) = In+1 + J = 2E00 + J = 2
n∑
i=1
Eii + J.
By Theorem 2.7, we can always embed En/J in B(K) completely order isomorphically. Let
the embedding be γ, and denote
Ti := γ(2Ei0 + J), IK := γ(In+1 + J),
it is equivalent to show that the map
φˆ : Sn → B(K), Si 7→ Ti, S
∗
i 7→ T
∗
i , I 7→ IK
is completely positive.
The proof of the following lemma is quite similar to that of Lemma 3.1 in [6], so we omit
the proof.
Lemma 5.2. Let H,K be Hilbert spaces and T ∈ B(H,K). Also, denote IH and IK as the
Identity operators on H and K respectively. Then we have ‖T‖ ≤ 1 if and only if(
IH T ∗
T IK
)
is positive in B(H⊕K).
Using this lemma, we can prove the following.
Proposition 5.3. We have that (T1, . . . , Tn) is a row contraction, i.e.,
∑n
i=1 TiT
∗
i ≤ IK.
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Proof. We represent Ti’s on a Hilbert spaceH via some unital one-to-one ∗-homomorphism,
so (T1, . . . , Tn) ∈ B(H
(n),H). By the above lemma, equivalently, we show the following,

IK T1 · · · Tn
T ∗1 IK
...
. . .
T ∗n IK

 ≥ 0.
Notice that E00 +
∑n
i=1Eii = In+1 and E00 + J =
∑n
i=1Eii + J , so
E00 + J =
n∑
i=1
Eii + J =
1
2
In+1 + J
.
Since the quotient map q : Mn+1 → Mn+1/J is completely positive, we just need to
show 

2
∑n
i=1Eii 2E10 · · · 2En0
2E01 2E00
...
. . .
2E0n 2E00

 ≥ 0.
To this end, we write this matrix as a sum of n matrices


∑n
i=1Eii E10 · · · En0
E01 E00
...
. . .
E0n E00

 =


Enn 0 · · · 0 En0
0
. . . 0
...
. . .
...
0
. . . 0
E0n 0 · · · 0 E00


+


En−1,n−1 0 · · · 0 En−1,0 0
0 0 · · · · · · 0 0
...
. . .
...
...
0 0 0
...
E0,n−1 0 · · · 0 E00 0
0 0 · · · · · · 0 0


+
· · ·+


E11 E10 0 · · · 0
E01 E00 0 · · · 0
0 0 0 · · · 0
...
...
. . .
...
0 0 · · · · · · 0

 .
From the equation above, we can see that each summand on the right is positive, so the
block matrix on the left is positive and the conclusion follows. 
Now Theorem 5.1 is straightforward.
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Proof of Theorem 5.1. By Proposition 5.3 and Theorem 3.8, we know that there exists
unital completely positive map which sends Si to Ti. However, this maps is necessarily
φˆ. 
Theorem 5.1 implies the following corollary which gives a characterization for positive
elements in Mp(Sn).
Corollary 5.4. We have that A0 ⊗ I +
∑n
i=1Ai ⊗ Si +
∑n
i=1A
∗
i ⊗ S
∗
i ∈ Mp(Sn)
+ if and
only if there exists B ∈Mp such that

A0 2A
∗
1 · · · 2A
∗
n
2A1 A0
...
. . .
2An A0

+


B
−B
. . .
−B

 ∈Mn+1(Mp)+
Proof. By Theorem 5.1, equivalently, we consider
M = A0 ⊗ (In + J) +
n∑
i=1
Ai ⊗ (2Ei0 + J) +
n∑
i=1
A∗i ⊗ (2E0i + J) ∈Mp(En/J)
+.
If Ak = (a
k
ij)
p
i,j=1 for 0 ≤ k ≤ n, then
M =
(
a0ij(In+1 + J) +
n∑
k=1
akij(2Ek0 + J) +
n∑
k=1
akji(2E0k + J)
)p
i,j=1
.
Lemma 4.3 together with definition of positivity in a quotient operator system imply
that there exists (Jij) ∈Mp(J) such that
M = (a0ijIn+1 +
n∑
k=1
2akijEk0 +
n∑
k=1
2akjiE0k) + (Jij) ∈Mp(En)
+.
Now we let Jij = bij(E00 −
∑n
k=1Ekk) and M corresponds to
(a0ij)⊗ In+1 +
n∑
k=1
2(akij)⊗ Ek0 +
n∑
k=1
2(akji)⊗ E0k + (bij)⊗ (E00 −
n∑
k=1
Ekk) ∈Mp(En)
+.
Finally, using the isomorphism Mp(En) ∼= En(Mp), we know that M corresponds to the
following positive block matrix in Mn+1(Mp),

A0 2A
∗
1 · · · 2A
∗
n
2A1 A0
...
. . .
2An A0

+


B
−B
. . .
−B

 ,
where B = (bij). Since isomorphism is used in each step, we know that our conclusion is
in fact an “if and only if” statement. 
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